curve C of genus ≥ 3 -we show that this would imply that C is algebraically equivalent to −C in its Jacobian, contradicting a result of Ceresa.
The image of the intersection product
We work over the complex numbers. A rational curve on a surface is irreducible, but possibly singular. If V is an algebraic variety and p ∈ N , we denote by CH p (V) the group of p-dimensional cycles on V modulo rational equivalence; we put CH p (V) Q = CH p (V) ⊗ Q .
(1.1) Proof of a) and b) : Let R be a rational curve on X ; it is the image of a generically injective map j : P 1 → X . Put c R = j * (p) , where p is an arbitrary point of P 1 . For any divisor D on X , we have in CH 0 (X) R · D = j * j * D = j * (n p) = n c R , with n = deg(R · D) .
Let S be another rational curve. If deg(R · S) = 0 , the above equality applied to R · S gives c S = c R (recall that CH 0 (X) is torsion free [R] ). If deg(R · S) = 0 , choose an ample divisor H ; by a theorem of Bogomolov and Mumford [M-M] , H is linearly equivalent to a sum of rational curves. Since H is connected, we can find a chain R 0 , . . . , R k of distinct rational curves such that R 0 = R , R k = S and R i ∩ R i+1 = ∅ for i = 0, . . . , k − 1 . We conclude from the preceding case that c R = c R 1 = . . . = c S .
Thus the class c R does not depend on the choice of R : this is assertion a) of the Theorem. Let us denote it by c X .
We have R · D = deg(R · D) c X for any divisor D and any rational curve R on X . Since the group Pic(X) is spanned by the classes of rational curves (again by the Bogomolov-Mumford theorem), assertion b) follows. Remark 1.2.− The result (and the proof) hold more generally for any surface X such that:
a) The Picard group of X is spanned by the classes of rational curves; b) There exists an ample divisor on X which is a sum of rational curves. This is the case when X admits a non-trivial elliptic fibration over P 1 with a section, or for some particular surfaces like Fermat surfaces in P 3 with degree prime to 6 [S] .
Remark 1.3.− Let A be an abelian surface. According to [Bl] , the image of the product map Pic(A) ⊗ Pic(A) → CH 0 (A) has finite index, so the situation looks rather different from the K3 case. There is however an analogue to the Theorem. Let Pic + (A) be the subspace of Pic(A) Q fixed by the action of the involution a → −a .
We have a direct sum decomposition
Now we claim that the image of the map µ : Pic
. This is a direct consequence of the decomposition of CH(A) Q described in [B] : let k be an integer ≥ 2 , and let k be the multiplication by k in A . We have (1.4) The cycle class c X has some remarkable properties that we will investigate in the next section. Let us observe first that for any irreducible curve C on X , there is a rational curve R = C which intersects C ; thus we can represent c X by the class of a point c ∈ C (namely any point of C ∩ R ).
We will need a more subtle property of c X . Let us first prove a lemma:
Lemma 1.5 .− Let E be an elliptic curve, x, y two points of E . Then
. Then 2ξ is the pull-back of a 0-cycle η = (x, x) + (y, y) − 2(x, y) on the second symmetric product S 2 E . The addition map a : S 2 E → E is a P 1 -fibration; this implies that the push-down map
Since a * η = 0 , we have η = 0 , hence 2ξ = 0 . On the other hand ξ has degree 0 and its image in the Albanese variety of E × E is zero, so ξ = 0 by Rojtman's result. Proposition 1.6 .− Let ∆ be the diagonal embedding of X into X × X . a) For every α ∈ CH 1 (X) , we have
Proof : a) Since both sides are additive in α , it is enough to check this relation when α is the class of a rational curve; in that case it follows from the fact that the
b) Again both sides are additive in ξ , so we may assume that ξ is the class of a point x ∈ X . The Bogomolov-Mumford theorem tells us that x lies on the image of a curve E of genus ≤ 1 ; by (1.4) we can represent c X by a point c ∈ E . We have
by lemma 1.5 (the case when E is rational is trivial); by push-down this gives the same formula in CH 0 (X × X) .
2. The formula c 2 (X) = 24 c X (2.1) Let c be a point of X lying on some rational curve. We will denote by (x, x, x) , (x, x, c) , (x, c, c) , etc... the classes in CH 2 (X × X × X) of the image of X by the maps x → (x, x, x) , x → (x, x, c) , x → (x, c, c) , etc... With this notation we have the following key result:
Corollary 2.3 .− Let ∆ , i c and j c be the maps of X into X × X defined by
From this formula we recover part b) of the Theorem by taking ξ = pr * 1 α · pr * 2 β , with α, β ∈ Pic(X) , and we get part c) by taking for ξ the class of the diagonal, so that ∆ * ξ = c 2 (X) .
(2.4) Proof of the Corollary : We will denote by p i , for 1 ≤ i ≤ 3 , the projection of X × X × X onto the i-th factor, and by p ij , for 1 ≤ i < j ≤ 3 , the projection (
Let us compute p 3 * (X · p * 12 ξ) . Let δ : X → X × X × X be the map x → (x, x, x) . We have p 3 • δ = Id X and p 12 • δ = ∆ , hence
The same argument applied to the maps x → (c, x, x) , x → (x, c, x) , ... , gives
hence our formula.
Remark 2.5.− One also recovers Proposition 1.6 b) by restricting for each x ∈ X the class X to X × X × {x} ⊂ X × X × X .
For the proof of the proposition we will need two results on products of elliptic curves. Let F be an elliptic curve over an arbitrary field. We denote by Pic(F 3 )
inv the subgroup of elements of Pic(F 3 ) Q which are invariant under permutations of the factors and under the involution (−1 F 3 ) . We keep the notation of (2.1).
Lemma 2.6 .− a) The cycle class
Proof : a) The class v is symmetric, hence comes from a cycle classv in the third symmetric product S 3 F . This variety is a P 2 -bundle over F , through the addition
where h is any divisor class on S 3 F which induces on a fibre a −1 (u) ∼ = P 2 the class of a line. (2.7) We now begin the proof of the Proposition. It will make our life easier to assume that Pic(X) is generated by an ample divisor class H ; the general case will follow by specialization (see [SGA6] , X.7.14). By the Bogomolov-Mumford theorem, we can find in the linear system |H| a one-dimensional family (E ′ b ) b∈B of (singular) elliptic curves; that is, we can find a surface E with a fibration p : E → B onto a smooth curve, with general fibre a smooth curve E b of genus 1 , and a generically finite map π : E → X which maps each fibre E b of p birationally onto the singular curve E (2.8) Using again the notation of (2.1), we consider on the fibre product E
For b ∈ B , the class in CH 2 (X × X × X) of the cycle
does not depend on b , since the curves E ′ b all belong to the same linear system |H| ; let us denote it by z . Let π 3 : E 3 B → X 3 be the morphism deduced from π .
Lemma 2.9 .− The class π 3 * (u) is proportional to z . Proof : By lemma 2.6.a), the restriction of u to the generic fibre of the fibration 
and of the two cycles obtained by permutation of the factors. Now using lemma 1.4 this class is equivalent to 2z , hence the result in this case.
If E b is singular, its normalization E b is a smooth rational curve, and we
= p * i 0 which again maps to a cycle linearly equivalent to z under π 3 .
Lemma 2.10 .− Let d = deg π , and let X be the cycle class defined in (2.2). Then
Proof : We compute the images under π 3 * of the cycles which appear in the definition of X . a) We have π 3 * (u, u, u) = d (x, x, x) in CH 2 (X × X × X) . b) Let Γ ⊂ X × X be the image of the surface (u, 0 pu ) (that is, the graph
is a smooth rational curve (2.7.b). Since our cycle Γ is supported by X × R , it comes from a divisor Γ 0 in X × R . Such a divisor is of the form D × R + mX × {r} for some divisor D on X , some point r ∈ R and some integer m ; this integer is equal to the degree of Γ 0 over X , that is d . Therefore Γ is linearly equivalent to d (X × c) + D × R ; since we assume Pic(X) = Z we have
for some integer a and any b ∈ B . Intersecting with p * 12 ∆ we get
d) The lemma follows by permuting and summing.
(2.11) Therefore X = d −1 π 3 * (u) is proportional to the effective cycle z (Lemma 2.9). On the other hand X is homologically trivial: this follows from the Künneth formula and the fact that the cycles p ij * X are identically zero. Thus we obtain X = 0 , which concludes the proof of the Proposition.
3. 0-cycles on a product (3.1) The cycle c X has two remarkable properties, namely the intersection property b) of the Theorem, and the diagonal property (x, x) − (x, c) − (c, x) + (c, c) = 0 in CH 0 (X × X) for any x ∈ X . These two properties may seem unrelated. However we can rephrase them in the following way, which shows that they are in some sense dual to each other: since the Picard group of X is isomorphic to its Néron-Severi group, the degree 1 zero-cycle c X provides a splitting of CH(X) as
where CH(X) hom is the subgroup of 0-cycles homologous to 0 , and H the image of CH(X) into H * (X) via the cycle map. This splitting induces the splitting
of CH(X) ⊗ CH(X) . It is immediate to see that it induces one on the image CH(X × X) dec of CH(X) ⊗ CH(X) in CH(X × X) . We can see these decompositions as giving gradings on CH(X) and CH(X × X) dec . (Here it is natural from the point of view of the Bloch-Beilinson conjectures to assign the degree 0 to H and the degree 2 to CH(X) hom since our surface is regular.) Then the intersection property b) says that if ∆ : X → X × X is the diagonal embedding, the homomorphism
is compatible with the gradings, while the diagonal relations a) and b) of Proposition 1.6 say that for p < 2 the homomorphism
takes values in CH p (X × X) dec and is also compatible with the gradings.
We are now going to investigate the corresponding diagonal property for a curve.
Proposition 3.2 .− Let C be a hyperelliptic curve, and w a Weierstrass point of C . For any x ∈ C , we have (x, x) − (x, w) − (w, x) + (w, w) = 0 in CH 0 (C × C) .
(Note that the class of w is well-defined in CH 0 (C) Q .)
Proof : Let J be the Jacobian variety of C ; choose an Abel-Jacobi embedding In contrast, we have now :
Proposition 3.2 .− Let C be a general curve of genus ≥ 3 . There exists no divisor c on C such that the 0-cycle 1 (x, x) − (x, c) − (c, x) in CH 0 (C × C) is independent of x ∈ C .
